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1.2 Definition: Convergence

The FDM (4) is convergent with respect to the IVP (3) if

lim s, lw; — y(t:)| — 0

1.3 Definition: Stability

The FDM (4) is stable if given two solutions {u;} and {v;} such that their initial values
satisfy |ug — vo| < €, then there exists K > 0 such that

\ lu; — vi| < K, 1<i<N

It means that small changes in the initial conditions produce correspondingly small changes
in the subsequent approximations. Compare with well-posedness of an IVP.

1.4 Theorem 5.20: Stability-Convergence-Consistency

If there is hy > 0 such that ¢(¢,w,h) of FDM (4) is continuous and satisfies a Lipschitz
condition in w with constant L on the set

D= {(t,w,h) | t € [a,b],w € (—00,00),0 < h < hy}
Then,

1. The method is stable.

2. The FDM is convergent if and only if it is consistent. This is equivalent to
¢(t,y,0) = f(t,y), a<t<b

3. If a function n(h) exists such that |7;(h)| < n(h) when 0 < h < hy, then

|y(t2) . wzl S 77(151’) eL(ti—a)

1.5 Consistency and Convergence of Multistep Methods

Consider a general m-step multistep method

Wo = ¢, W =0Q1,... Wp-1= Qp-1,
Wit] = -1 Wi + Gm-2Wi—1 F . . . QWi—(m—1) + hF(t, h, Wis1, Wi . .. Wi—(m-1)), (5)

fori=m-—1,m,... N — 1.
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1.11 Definition: Root Condition

If A1,... A\ are the roots of the characteristic polynomial
P = A = G d A = @ 9 A2 i gy X — g
corresponding to the multistep method (5),
<1 i=1,...m and
ii) all roots with absolute value 1 are simple roots.

Then, the difference method is said to satisfy a root condition.
Discuss this concept.

1.12 Definition: Stability

1. Multistep methods that satisfy the root condition and have A = 1 as the only root
of the characteristic equation of magnitude 1 are called strongly stable.

2. Multistep methods that satisfy the root condition and have more than one distinct
root with magnitude 1 are called weakly stable.

3. Multistep methods that do not satisfy the root condition are called unstable.

1.13 Theorem 5.24: Stability, Consistency, and Convergence of
General Multistep Methods

If the m-step multistep method
Wy =0, W1 =0q1... Wnyp_1= Qn-1,
Wit1 = Qp—1W; + Qm—oW;i—1 + . .. AoWi—(m—1) + hF(t, h, Wig1, Wy . . .wi_(m_l)), (10)

fori=m —1,m,... N — 1, is consistent then,
it is stable if and only if it is convergent.
Discuss it.
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